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A prev ious  work [1], in which the th ickness  of the col l id ing  p la tes  was a s s u m e d  to be inf ini te-  
ly g rea t  and the veloci ty  of the point of contact  g r e a t e r  than the speed  of sound ci in the ma t -  
t e r i a l ,  r e p r e s e n t e d  one a t t empt  to use l i nea r  e l a s t i c i t y  theory  in f l a sh -we ld ing  p rob lems .  
Oblique impac t  of me ta l l i c  p la tes  of finite th ickness  has been s tudied [2], the veloci ty  V c of 
the point  of contact  being a s s u m e d  to be l ess  than the veloci ty  c 2 of t r a n s v e r s e  waves in the 
ma te r i a I .  In this  work,  oblique impac t  of e l a s t i c  p la tes  with ve loc i t i e s  V c of the point of 
contact  g r e a t e r  than the veloci ty  of propagat ion  c 2 of t r a n s v e r s e  waves wi l l  be cons ide red .  

Suppose two e.lastic p la tes  cons i s t ing  of the same  m a t e r i a l  and having equal th ickness  h a c r o s s  each 
other  in such a way that  the i r  su r f aces  form an angle  7 ( impact  angle);  the p la te  ve loc i t i e s  a r e  d i r ec t ed  
pe rpend icu la r  to thei r  su r faces  and a r e  equal to v0. The p la tes  combine  into a s ingle  plate as  a r e s u l t  of 
the impact ,  which is in the fo rm of a confluence of two flows in a f r ame  of r e f e r e n c e  bounded to the point of 
contact .  

The x axis  wil l  be d i r ec t ed  a long the co l l i s ion  angle  b i s e c t o r ,  while the coord ina te  or ig in  wil l  be p laced  
a t  the point of contact .  The impac t  angle  wi l l  be a s s u m e d  sma l l ,  and motion to be s teady s ta te .  Then the 
boundary condit ions have the following form,  taking into account  the s y m m e t r y  of the p r ob l e m  about the x 
ax i s :  

%~=0; ~ , = 0  when g = h ,  - - c o  < x < co; 

%y=O wheny=O, --oo < x < co; (0.I) 

v=O when y=O, --co < x < O; 

%v=Owhen y=O, O < x <  co; 

u-+O; v-+--O 0 cos ?/2 when x-+co, 0 < y  < h, 

where  a ik  a r e  the s t r e s s - t e n s o r  components  and u and v a r e  the components  of the d i s p l a c e m e n t  veloci ty  
vec tor  on the x and y axes ,  r e s p e c t i v e l y .  

1.  M i d s o n i c  I m p a c t  C o n d i t i o n s  (c 2 < V c < c l )  

As in the ca se  of subsonic impac t  s tudied p rev ious ly ,  the p r ob l e m  r e d u c e s  to a W i e n e r - H o p f  equation 
following a F o u r i e r  t r ans fo rma t ion ,  

b (k) = 2iX~ (6 -- t) p (k) [)hh~ sh (kX2h) cos (k)~lh) --  62 ch (kL.h) sin (k~h)] 
(,54 2 2 --~ (ch(k~.eh) cos(k~,lh) ~ i ) '  (1.1) - -  ~.1~2) s h  (k~.oh) s i n  ( k ) h h )  - -  2~1~0.52 

where  the functions a r e  given by 

0 

p (k) ~- ~ ~ Gyy (X, O) o'~hxdx ", 
_oo 

(1.2) 
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b (k)  = 2 S v (x,  O) e ~ [ d x ;  (1.3) 
0 

and the cons tan t s  by 

while # is the shea r  modulus  of the m a t e r i a l .  

We find, us ing  r e s u l t s  of  a solut ion of  the mot ion  p r o b l e m  for  a load on the s u r f a c e  o f  an e las t i c  band 
[3], that  e las t i c  waves  undamped a t  infinity cannot  ex i s t  in f ron t  of the point  of con tac t  in the c a s e  of  mid -  
sonic plate impac t  condi t ions ,  as  is the c a s e  in subsonic  impac t  condi t ions  [2]. Consequent ly ,  the funct ion 
b (k) is  d e t e r m i n e d  by the in teg ra l  in Eq. (1.3) in the upper  ha l f -p lane  of the complex  plane k, excep t  for  the 
point  k = 0. At the s a m e  t ime ,  the funct ion p (k) can  have infinitely many  s ingular  points  on the r e a l  ax is ,  
but  is r e g u l a r  in the ha l f -p lane  I m k  < 0. If  we define b (k), such that  it l acks  a s ingular  point  a t  the or igin ,  
we obtain for  the d e s i r e d  funct ion b (k) and p (k) a c o m m o n  pole of r e g u l a r i t y ,  and, consequent ly ,  we ma y  
solve Eq. (1.1) by the W i e n e r - H o p f  method [4], 

h h 

k ~ e~ ~ k 2~" ~ -- ib(k)  k t - ~ z n j  t -  e n p (k )  k l - -  k e2Zn i - -  e n 
n=i  n ~ l  ~ 

- -  k - -  k 

~zX. sh (k~,~.h) c o s  ( k k l h )  - -  g2 ch (k~,~h) sin (kXzh) 
X '  (8' -- X2X~) sh (k~,fl) sin (k)~.h) -- 2},.~,28 ~ (ch (k~,~h) cos (k)~zh) - -  l) ---- Pz (k). 

Here Pl (k) is an unknown entire function and z n and z~ are ,  correspondingly,  roots  of the equations 

(1.4) 

)~z),2 th ( k ~ h )  = 8 ~- tg (k~,,h); (1.5) 

Xxg2 tg (k~ lh)  = - - 6 2 t h ( k X 2 h ) ,  (1.6) 

ly ing  in the ha l f -p l ane  k, inc luding the r e a l  axis .  

Equat ions  (1.5) and (1.6) have only r e a l  and pure ly  imag ina ry  r o o t s ,  the a sympto t i c  of  these  r o o t s  a t  
high I I mzt hav ing  the f o r m  

�9 . : 8 2  

�9 ~ ~ 

w 

Consequent ly ,  the infinite p roduc t s  in Eq. (1.4) can  be r e p l a c e d  to an  app rox ima t ion  by the equat ion 

k 
h ~ 2r 

i h ~ z h  . 

n = l  1 - -  e :~ 2 " V ~ r  --~ + ~ - - - - 5 - ]  

M I ]  , 2  
n=O :n+t (Zn+! -- k) [2 (~z o + nx  + m~) - -  ik~.~h] [~ + 2 (o:~ + n~) - -  ~k~.~h ] ' 

(1 .8 )  

where  c~ 0 = arctan52/(Xi) ,2) ;  m = 0 if },~ < 6 2 , and m = 1 if X22 > 6 2 . 
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We need only se t  j = 5 in Eq. (1.8) for  p r a c t i c a l  computa t ions  in view of  the r a p i d  app rox ima t ion  of 
the r o o t s  of Eqs .  (1.5) and (1.6) as  n i n c r e a s e s  to the i r  a sympto t i c  f o r m  (1.7). 

The va lues  of p (k) and b (k) in the i r  domain  of defini t ion a s y m p t o t i c a l l y  app roach  z e r o  as  lkl i n c r e a s e s ;  
consequent ly ,  taking into a c c oun t  Eq. (1.8), the en t i r e  funct ion Pt (k) has  the f o r m  

Pl (k) = Cie c'k. (1.9) 

The cons tan t  C 2 is d e t e r m i n e d  f r o m  the condi t ion that  the s t r e s s - t e n s o r  componen t s  e ik  and de fo rma t ion  
ve loc i ty  vec to r  can have only an in tegrab le  s ingu la r i t y  a t  the point  of con tac t  [2] 

C2~  - i~..~h In 2 (1.10) 
~r 

The cons tan t  C 1 is found under  the condi t ion that  the plate  ve loc i t i e s  far  in f ron t  of the point of con t a c t  a r e  
equal to the th rowing  speeds  (0.1), 

C1 ~ v o cos y / 2  
~.~_ (6 -- l~" (1.11) 

Subst i tut ing Eqs.  (1.8)-(1.11) in Eq. (1.4), we obtain the value of the d e s i r e d  funct ion p (k). The equa-  
t ions  r e l a t i n g  the s t r e s s e s  and d i s p l a c e m e n t s  in the m a t e r i a l  to the F o u r i e r  t r a n s f o r m  of the s t r e s s e s  p (k) 
ac t ing  at  the b o u n d a r y o f  the e las t i c  band  have  been p resen ted ,  in p a r t i c u l a r ,  in [2]. The bands  of  the in-  
t eg rand  funct ions  ly ing  on the r e a l  ax is  o ther  than the pole at  the point  k = 0 m u s t  be c i r cu i t ed  in the lower  
ha l f -p lane  in ca l cu la t ing  the i nve r se  F o u r i e r  i n t eg ra l s  in these  equat ions .  O the rwise ,  the condi t ion that  un-  
damped  e las t i c  waves  cannot  ex i s t  in f ron t  of  the point  of con tac t  under  the  given impac t  condi t ions  will  be 
v io la ted .  

The behav io r  of the s t r e s s  f ield near  the point of con tac t  can be inves t iga ted  by s tudying  the a s y m p -  
to t ics  of  the F o u r i e r  t r a n s f o r m s  of  the s t r e s s e s  a s  fkl ~ oo on b e a m s  pa s s ing  through the or ig in  of  the c o m -  
plex plane at s o m e  nonze ro  angle  to the r e a l  ax is .  In c u r v i l i n e a r  coo rd ina t e s ,  

x = r c o s %  y==- ~,-a q' 

the equa t ions  for  the s t r e s s - t e n s o r  componen t s  n e a r  the o r ig in  have an a s y m p t o t i c  f o r m ,  

if  lrpl < zr - a r c t an (X2 /A1) ;  

A 
~__2o 

r 

/ 
Cr176 / '  

Xt ~ (1.12) cos ~ + ~ sin. Iql) 

cos E l' 
A ;q6 

0"1 / / "  - -  Cto ' 

A sign ((p) / r 

/i ao , ~'1 sin [(Pl W Y cos ~ + ~ , 
sin S 0 

( I V y  = - -  

t'~ COS ~o 

c~o Iq~l'x / aol~I " 
Akz~ cos % - -  ~ )  A62 s i g n  ((p) s i n  ! cz o - - ~  j 

rzo  ~ ( i x v  = c*o , 

1.~-- COS G~ 0 t" ~ S!!l gO 
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i f  

.~ >. $ :> ~ - -  arctg ~ ,  

w h e r e  

A =  - -  
\ COo 

2 I""~ g sin 7 [e~), .h  i~- - - - - - ~ g -  .~ �9 ~ - ~ l  �9 

The  p r e s s u r e  p = a i i / 3  i s  e x p r e s s e d  by  the equa t ion  

2A). l ( t - 6 )  cos a o -  t - - ~  

/ 9 ~ - - -  

r'n cos (z o 

The  s t r e s s e s  in Eqs .  (1.12) t end  to in f in i ty  for  a v e l o c i t y  of  the  po in t  of c o n t a c t  V c of 24"~c 2, T h i s  is  
due to the  f ac t  tha t  the  p a s s a g e  to  the  l i m i t  a s  the  v e l o c i t y  of the  po in t  of c o n t a c t  a p p r o a c h e s  q2c2 is  not  
u n i f o r m  r e l a t i v e  to the c o o r d i n a t e s  r ,  ~0. In f ac t ,  the  p o t e n t i a l  ~0 i s  i d e n t i c a l l y  z e r o  when ~ = 0, whi l e  the  
s t r e s s  f i e ld  i s  p i e c e w i s e - c o n s t a n t .  

The  s e c o n d  s i n g u l a r  po in t  of  the  so lu t ion  under  m i d s o n i c  c ond i t i ons  a r i s e s  i f  

~2 6~" (1.13) 2 ~ 

In th i s  c a s e ,  the v a l u e s  of the  so lu t i on  of  the  s t e a d y - s t a t e  p r o b l e m  i n c r e a s e  wi thout  bound with  d i s t a n c e  f r o m  
the point  of con tac t ,  which c o n t r a d i c t s  the  c o n d i t i o n s  a t  in f in i ty  (0.1).  The  so lu t i on  of  the  d y n a m i c  mo t ion  
p r o b l e m  for  a load  on the  s u r f a c e  of an e l a s t i c  band  tha t  h a s  been  p r e v i o u s l y  g iven  [3] show tha t  a g rowth  
in the s t r e s s e s  and sh i f t s  in the  m a t e r i a l  a r e  o b s e r v e d  under  t h e s e  i m p a c t  cond i t i ons  with t i m e .  C o n s e q u e n t -  
ly,  the s t e a d y - s t a t e  f o r m u l a t i o n  of the  p r o b l e m  does  not  have  m e a n i n g  for  a v e l o c i t y  of  the  poin t  of  c o n t a c t  
s a t i s f y i n g  cond i t ion  (1.13). Th i s  r e s o n a n c e  phenomenon  r e s u l t s  f r o m  the v e l o c i t y  of the  po in t  of c on t ac t  c o -  
i nc id ing  with the  v e l o c i t y  of p r o p a g a t i o n  of long i tud ina l  e l a s t i c  w a v e s  in the  p l a n e - s t r e s s e d  s t a t e  (thin p la te ) .  

We should  note  the  e x i s t e n c e  of a q u a l i t a t i v e  d i s t i n c t i o n  be tween  our  so lu t i on  (1.12) and  i t s  h y d r o -  
dynamic  ana logue  [4]. On the one hand,  whi l e  the  sh i f t  v e l o c i t y  f i e ld  in the  h y d r o d y n a m i c  f o r m u l a t i o n  h a s  
an  exponen t i a l  s i n g u l a r i t y  a t  a po in t  of  c o n t a c t  wi th  exponent  - 92, in the  e l a s t i c  f o r m u l a t i o n  the exponen t  of 
the  s i n g u l a r i t y  i s - [a rc tan(62 /~hX2)] l l r  , i . e . ,  i t  v a r i e s  a s  a funct ion  of  the  v e l o c i t y  a t  the  poin t  of c o n t a c t  b e -  
tween-~ /2  and 0. On the  o the r  hand,  the  d e f o r m a t i o n  and s t r e s s  r a t e  in the  e l a s t i c  p r o b l e m  have  d i s c o n t i -  
nu i t i e s  on the l ines  x ~- ~tly = 0, c o r r e s p o n d i n g  to Mach l i n e s  for  a s y s t e m  of  e l a s t i c i t y  equa t ions  in m o v i n g  
c o o r d i n a t e s .  H o w e v e r ,  the  p r e s s u r e  p = - r  v a r i e s  c on t i nuous ly  r e l a t i v e  to the  p o l a r  ang le  ~v. 

2 .  S u p e r s o n i c  I m p a c t  C o n d i t i o n s  (V  c > c t )  

The  s y s t e m  of e l a s t i c i t y  equa t ions  in mov ing  c o o r d i n a t e s  i s  h y p e r b o l i c  and a so lu t ion  can  be found by 
the me thod  of c h a r a c t e r i s t i c s  for  v e l o c i t i e s  of the  poin t  of  c o n t a c t  g r e a t e r  than  the v e l o c i t y  of p r o p a g a t i o n  
of long i tud ina l  w a v e s  in the  m a t e r i a l .  H o w e v e r ,  the n u m b e r  of  w a v e s  r e f l e c t e d  f r o m  the f r e e  s u r f a c e  
r a p i d l y  g r o w s  with  d i s t a n c e  f r o m  the point  of c o n t a c t  on the  x a x i s ,  which l e a d s  to a s u b s t a n t i a l  i n c r e a s e  in 
the  amoun t  of c o m p u t a t i o n s .  In th i s  work ,  the F o u r i e r  me thod  wi l l  be  u sed ,  s ince  i t  a l l o w s  us  to ob ta in  
equa t ions  for  the s t r e s s e s  and sh i f t s  in the  m a t e r i a l  in an a n a l y t i c  f o r m .  

U s i n g  a F o u r i e r  t r a n s f o r m a t i o n ,  we m a y  r e d u c e  the so lu t ion  of  our p r o b l e m  to the equa t ion  [2, 5] 

w h e r e  the  

2i).: (6 --  1) p (k) [t.1)~2 sin (i..)..,h) cos (k):lh) + (5" cos (kXch) sin (k)~h)] 
b (]~) = , ~,~ :" ~.~P,~.i sin (k~.:h) sin (k;'@) - -  2L:k._8 2 (cos (kZ:h) cos (kL,,h)--t) ' 

func t ions  b (k) and  p (k) a r e  d e t e r m i n e d ,  a s  b e f o r e ,  by the i n t e g r a l s  (1.2) and  (1.3). 

(2.1) 
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The  mag-nitude of the  sh i f t  v e l o c i t y  a long  the v e r t i c a l  a x i s  is  c o n s t a n t  and equal  to v0cos (T/2)  up to 
the po in t  of con t ac t  and  v a n i s h e s  a t  t he  i n t e r f a c e  be tw e e n  the m a t e r i a l s  by v i r t u e  of s y m m e t r y .  We t h e r e -  
f o r e  ob ta in  

b (k) -- 2v~ cos (7/2 ~, 
~k (2.2) 

S u b s t i t u t i n g  Eq. (2.2) in Eq.  {2.1), we ob ta in  an equa t ion  for  the  d e s i r e d  func t ion  p (k). We m a y  ob ta in  [2] 
equa t i ons  for  the F o u r i e r  t r a n s f o r m s  of the  s t r e s s e s  and  sh i f t  v e l o c i t i e s  in the  m a t e r i a l .  H e r e  the  i n v e r s e  
F o u r i e r  t r a n s f o r m a t i o n  i n t e g r a l  de f ined  i n t h e  u sua l  f a sh ion  w i l l  d i v e r g e .  H o w e v e r ,  i t  can  be shown f r o m  
the g e n e r a l  t h e o r y  of  F o u r i e r  t r a n s f o r m a t i o n s  in a c o m p l e x  r e g i o n  [6] tha t  the  i n v e r s e  F o u r i e r  t r a n s f o r m a -  
t ion  in t h i s  c a s e ,  a c c o r d i n g  to the b o u n d a r y  cond i t i ons  a t  in f in i ty  (0.1), w i l l  s a t i s f y  the e q u a t i o n s  

e - e x  d ~ e - i h x - I  
! (x) = 2 ~ - ~  ~ - -  ~ ~ -  (k - -  ~s) dk (x  <0), 

e -t~x l "F e ex d ' / ( z ) = ~ - ~  ~ r (~+~e) d~ (x>O), 
- - c o  

(2.3) 

w h e r e  �9 (k) = ~+(k)  + @ ~ (k) is  the  F o u r i e r  t r a n s f o r m  of the  funct ion  f ( x ) ,  @-(k) is  r e g u l a r  i n t h e  l o w e r  h a l f -  
p lane ,  e x c e p t  fo r  the  o r i g in ,  and  r  i s  r e g u l a r  in the  h a l f - p l a n e  I I m k  I > 0 and  in a n e i g h b o r h o o d  of  the  
poin t  k = 0. 

Le t  us  c a l c u l a t e  the  s t r e s s  a w (x) a c t i n g  a t  the  i n t e r f a c e  be tw e e n  the  m a t e r i a l s .  Wi thou t  l o s s  of 
g e n e r a l i t y ,  we m a y  se t  XI/'A 2 = m / ~ / w h e r e  m and  n a r e  i n t e g e r s .  Then  the equa t ion  f o r  p (k) t a k e s  the  f o r m  

p (k)  = 2,0 cos (~/2) [(8,  + z [ ~ )  sin (kX,h)s i=  ( k Z r  - -  - -  2Z, X_.8~ (r (k~,h) r (kXr - -  i)] 
2(~+.0 "-* , (2.4) 

i = t  , - -  

w h e r e  the  z i a r e  the  r o o t s  of the  equa t ion  

82 § ZlX2 z2m - -  ~ ~" - -  i = O. (2.5) 

Since  the  va lue s  of the i n t e g r a n d  in Eq.  (2.3) a r e  c a l c u l a t e d  a t  po in t s  e un i t s  a p a r t  on the r e a l  a x i s ,  we m a y  
d e c o m p o s e  the  funct ion of Eq.  (2.4) in a s e r i e s  in p o w e r s  of e - k k l h / m .  S ince  the  r e s u l t i n g  s e r i e s  i s  a b -  
s o l u t e l y  s u m m a b l e ,  t e r m - b y - t e r m  i n t e g r a t i o n  m a y  be c a r r i e d  out.  Then  we ob ta in  fo r  the  s t r e s s  aYY (x) 
a c t i n g  at  the  i n t e r f a c e ,  the equa t ion  

(~uy (x, O) = VoZOS(.~/2)(82..~,~}.o){,~=obv r i . . . .  ~-2,, r } 
- 

. p ~ O  p ~ O  p ~ 0  , ' ~ 0  �9 

w h e r e  [Ixl m] 62 --  Xl),~ 

and  bv ---- ~,  zt4,z2~,...~2(n+m)~2(~+m) i s  the  sum of the  p r o d u c t s  of the  r o o t s  of  Eq.  (2.5). 
Q-~ .  . . '~-i2(n...}_m)= p 

The v a l u e s  of the c o e f f i c i e n t s  bp w i l l  be c a l c u l a t e d  u s i n g  the r e c u r r e n c e  f o r m u l a  

b~=-- ~ bp_~a~, b o=t, b l = - a l ,  (2.6) 

w h e r e  s = p i f  p < 2 (n + m),  s = 2 (n + m) i f  p > 2 (n + m),  and  a i a r e  the  c o e f f i c i e n t s  of the  p o l y n o m i a l  in 
Eq.  (2.5).  In th i s  c a s e ,  a 0 = 1, a2n = fl, a2m = - : f l  and  a2(n+m) = - 1 .  The  r e m a i n i n g  a i a r e  z e r o .  E q u a -  
t ions  (2.6) can  be p r o v e d  by u s i n g  V i e t a ' s  f o r m u l a s .  
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The values  of the s t r e s s e s  at  any point of the ma te r i a l  can be obtained by using this method of t r a n s -  
fo rming  Four ie r  in tegra ls .  

Our impact  mode1 for  meta l l ic  p la tes  in the e las t ic  formulat ion does not desc r ibe  al l  phenomena oc-  
cu r r ing  in f lash-welding p rob lems .  However ,  it al lows us to es t imate ,  in pa r t i cu la r ,  the magnitude of the 
tangential  s t r e s s e s ,  which cannot be done within f r a m e w o r k  of hydrodynamic  theory  [4]. It is poss ible  to 
calcula te  the b reak ing  s t r e s s e s  that occur  at the in ter face  between m a t e r i a l s  which exe r t  a substant ia l  in- 
fluence on the strength of the resu l t ing  compound by means  of our model .  It  is apparent ly  possible  to 
theore t ica l ly  approach a definition of the region of impact  conditions in order  to obtain high-qual i ty  welding 
for a given pair  of m a t e r i a l s  by using calculat ions within the e las t ic  model.  
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